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Abstract. On the category of bounded complexes of finitely generated free 
squarefree modules over the polynomial ring S, there is the standard duality func- 
tor D = Homs(— ,ws) and the Alexander duality functor A. The composition 
A o D is an endofunctor on this category, of order three up to translation. We 
C\J ■ consider complexes F' of free squarefree modules such that both F*,AoD(F*) 

. and (A o D)^(i^*) are pure, when considered as singly graded complexes. We con- 

■ jecture i) the existence of such triplets of complexes for given triplets of degree 

sequences, and ii) the uniqueness of their Betti numbers, up to scalar multiple. 
We show that this uniqueness follows from the existence, and we construct such 
triplets if two of them are linear. 
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Introduction 



< 

r-| ■ Pure free resolutions are free resolutions over the polynomial ring 5* of the form 



S{-dof" ^ Si~dif' i ^ Si-drf\ 



Their Betti diagrams have proven to be of fundamental importance in the study 
: of Betti dia grams of graded modules over the polynomial ring. Their significance 

were put to light by the Boij-Soderberg conjectures, P]. The existence of pure 
■ resolutions were first proven by D.Eisenbud, the author, and J.Weyman in [7] in 

characteristic zero, and by Eisenbud and F.-O.Schreyer in all characteristics, [H]. 
Later the methods of [8] were made more explicit and put into a larger framework, 
called tensor complexes, by C.Berkesch et.al. [1]. 
CN ■ The Boij-Soderberg conjectures, settled in full generality in [8], concerns the sta- 

bility theory of Betti diagrams of graded modules, i.e. it describes such diagrams up 
to muliplication by a positive rational number, or alternatively the positive rational 
^ ■ cone generated by such diagrams. The Betti diagrams of pure resolutions are exactly 

the extremal rays in this cone. Two introductory papers on this theory are [TT] and 

Homological invariants. The Betti diagram is however only part of the story 
when it comes to homological invariants of graded modules. A complex F' of free 
modules over the polynomial ring S, for instance a free resolution, comes with three 
sets of numerical homological invariants: 

• B: The graded Betti numbers {Aj}, 

• H: The Hilbert functions of the homology modules W{F*), 
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• C: The Hilbert functions of the cohomology modules. These modules are 
the homology modules of the dual complex B.oms{F' ,us), where us is the 
canonical module. 

It is then natural to approach the stability theory of the triplet data set {B, H, C): 
Up to rational multiple, what triplets of such can occur? The recent article has 
partial results in this direction. It describes the Betti diagrams of complexes F* 
with specified nondecreasing codimensions of the homology modules. We do not 
here investigate the question above directly, but we believe the following will be of 
relevance. 

Squarefree modules. The notion of pure resolution or pure complex, has a 
very natural extension into triplets of pure complexes, in the setting of square- 
free modules over the polynomial ring. Squarefree modules are N^-graded modules 
over the polynomial ring S = k[xi, . . . ,Xn] and form a module category including 
squarefree monomial ideals, and Stanley-Reisner rings. Both the category of singly 
graded ^-modules as well as squarefree ^'-modules, have the standard duality func- 
tor D = }loms{—,us)- However for squarefree modules there is also another duality 
functor, Alexander duality A. The composition A o D becomes an endofunctor on 
the category of bounded complexes of finitely generated free squarefree 5'-modules. 
(This is in fact the Auslander-Reiten translate on the derived category of complexes 
of squarefree modules, see [3].) There are two amazing facts concerning this endo- 
functor. 

• The third iterate (A o D)^ is isomorphic to the n'th iterate of the translation 
functor on complexes, a result of K.Yanagawa, [TU] . 

• The composition functor cyclically rotates the homological invariants: If F* 
has homological invariants {B, H, C) then 

— A o D(F*) has homological invariants (if, C, B), and 

— (A o D)^(F') has homological invariants (C, B, H). 
This is also implicit in [T9] . 

Thus the various homology modules of F* are transferred to the various linear 
strands of A o D(F') and the cohomology modules of F* are transferred to the 
linear strands of (A o D)2(F'). 

The main idea of this paper is to consider complexes F* of free squarefree modules 
such that (when considered as singly graded modules) 

• F' is pure, 

• A o D(F') is pure, 

• (AoD)2(F') is pure. 

We call this a triplet of pure complexes. That F' is a pure resolution of a Cohen- 
Macaulay squarefree module, the classical case, corresponds to 

• F' is pure, 

• A o D(F') is linear, 

• (AoD)2(F') is linear. 

Construction of triplets. Squarefree complexes are Z"-graded, or equivalently 
they are equivariant for the action of the diagonal matrices of GL{n). That pure 
resolutions come with various group actions is the rule in the various constructions 
we have, [7], [1]. S.Sam and J.Weyman pursue this [16] in the context of other 



TRIPLETS OF PURE COMPLEXES 



3 



linear algebraic groups. However being squarefree is something more than being 
Z'^-graded. In particular for a squarefree complex F' it may happen that the only 
multidegree b such that F*{—h) is squarefree, is the zero degree. It is therefore a 
priori not clear, even in the classical case, how to construct such complexes F'. As 
it turns out the tensor complexes of [I] make the perfect input for a construction, 
see in particular Remark 14.61 These tensor complexes are over a large polynomial 
ring ^(V^ Wq ® • ■ ■ ® W^+i)- Letting V be the linear space (xi, . . . , Xn) and taking 
a general map 

equivariant for the diagonal matrices in GL{n), we may construct all cases of com- 
plexes F* corresponding to the classical case. Theorem 14.81 The existence of triplets 
of pure complexes in full generality, we state as Conjecture 12.101 In a subsequent 
paper, [12], we transfer this to a conjecture on the existence of certain complexes of 
coherent sheaves on projective spaces. 

Uniqueness of Betti numbers. In the classical case the singly graded Betti 
numbers of F' (and also of the linear complexes Ao3{F*) and (Ao©)^(F*) are 
uniquely determined up to scalar multiple, by the degree sequence of F*. 

It now turns out that for a triplet of pure complexes, given the degree sequences 
of each of the three complexes, the Betti numbers fulfill a number of homogeneous 
linear equations which is one less than the number of variables, i.e. the number of 
Betti numbers. We thus expect there to be a unique solution up to common rational 
multiple. Under the assumption that triplets of pure complexes exists (for all triplet 
of degree sequences fulfilling a simple necessary criterion), we show that the Betti 
numbers are uniquely determined up to common rational multiple. Theorem 13.91 

Pure resolutions in the squarefree setting have previously been considered 
by W.Bruns and T.Hibi for Stanley-Reisner rings. In P] they describe all possible 
degree sequences = do,di,... for pure resolutions of Stanley-Reisner rings with 
di = 2, and classify the simplicial complexes where this occurs. When di = 3 they 
give a thorough investigation of possible degree sequences and the possible simiplicial 
complexes, as well as interesting examples when di > 4. They also give a complete 
classification of simplicial complexes where di = m and d2 = m — 1 for m > 2. 
In [5] they classify Cohen-Macaulay posets where the Stanley-Reisner ring of the 
order complex has pure resolution. In [lOj the author considers Cohen-Macaulay 
designs which in the language of the present article correspond to Cohen-Macaulay 
Stanley-Reisner rings with pure resoluton and exactly three linear strands (so the 
Stanley-Reisner ideal has exactly two linear strands). Examples of such are cyclic 
polytopes and Alexander duals of Steiner systems. 

However from the perspective of the present article, approaches in those directions 
are severely hampered by the fact that only for few degree sequences, by simple 
numerical considerations, can one hope that the first Betti number Pq may be chosen 
to be 1. For degree sequences where this value may be achieved these articles also 
testify to the difficulty in constructing pure resolutions of Stanley-Reisner rings. Our 
construction avoids the restriction /3o = 1, rather making Pq large. 

Organization of article. In Section [1] we give the setting of squarefree modules 
and the functors A and D. We show that they rotate the homological invariants 
of squarefree complexes. In Section [2] we develop the basic theory of triplets of 
pure complexes. We find a basic necessary condition, the balancing condition, on 
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the triplet of degree sequences of such complexes. We conjecture the existence of 
triplets of pure complexes for all balanced triplets of degree sequences, and the 
uniqueness of their Betti numbers, up to common scalar multiple. Conjecture I2.1U[ 
In Section [3] we show this uniqueness of Betti numbers, under the assumption that 
triplets of pure complexes do exist. In Section H] we use the tensor complexes of [1] 
to construct triplets of pure complexes F*,AoD(F*) and (AoD)^(F*) when the 
last two complexes are linear. 

1. Duality functors and rotation of homological invariants 

In this section we recall the notion of a squarefree module over the polynomial 
ring S = k[xi, . . . , x„], and the two duality functors we may define on the category 
of complexes of such modules, standard duality D and Alexander duality A. 

A striking result of K.Yanagawa |19], says that the composition (AoD)^ is natu- 
rally equivalent to the n'th iterate of the translation functor on the derived category 
of squarefree modules. A complex of squarefree modules comes with three sets of 
homological invariants, the multigraded homology and cohomology modules, and 
the multigraded Betti spaces. We show that A o D cyclically rotates these invariants 
(which is a rather well known fact to experts). 

1.1. Squarefree modules and dualities. Let S be the polynomial ring k[xi, . . . , Xn] 
where k is a field. Let ej be the z'th coordinate vector in N". An N'^-graded S-module 
is called squarefree, introduced by K.Yanagawa in [TH], if M is finitely generated and 
the multiplication map Mb Mb+e- is an isomorphism of vector spaces whenever 
the i'th coordinate bi > 1. We denote the category of finitely generated squarefree 
5'-modules by sq—S. 

There is a one-one correspondence between subsets R C [n] = {1,2, ... ,n} and 
multidegrees r in {0, 1}", by letting R be the set of coordinates of r equal to 1. By 
abuse of notation we shall often write R when strictly speaking we mean r. For 
instance the degree r part of M, which is, Mr may be written M^. Also if i? is a 
set we shall if no confusion arises, denote its cardinality by the smaller case letter r. 
We also denote (1, 1, . . . , 1) as 1. Take note that a squarefree module is completely 
determined, up to isomorphism, by the graded pieces M/j and the multiplication 
maps between them 

Mn ^ Mnu{v} 

where v ^ R. 

If M is a squarefree module and < d < n, its squarefree part of degree d is 

\R\=d 

Note that taking squarefree parts is an exact functor from squarefree modules to 
vector spaces. In particular note that the squarefree part of S'(— b) in degree d has 

dimension Gt,') = (riS')- 

For a squarefree module M there is a notion of Alexander dual module A(M), 
defined by T.Romer [15] and E.Miller [H]. For R a subset of [n], let i?^ be its com- 
plement. Then A{M)fj is the dual Homk(Mijc, k). If v is not in R the multiplication 

A(M)k ^ A(M)^uW 
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is the dual of the muhiphcation 

M(Ru{v})<^ Mrc. 

By obvious extension this defines A(M)b for all b in N*^ and all multiplications. 

Example 1.1. If S* = k\xi,X2,x^,Xi\ then the Alexander dual of 5'(— (1, 0, 1, 1)) is 
S / {xi.x-i.Xi). The Alexander dual of 1) is the simple quotient module k. 

For a multidegree b in Z*^, the free ^-module S'(— b) is a squarefree module if 
and only if b G {0, l}*^, i.e. all coordinates of b are or 1. Direct sums of such 
modules are the free squarefree S-modules. Denote by fsq— the category of finitely 
generated such modules. 

Let C^(sq— S") and C*(fsq— S") be the categories of bounded complexes of finitely 
generated squarefree, resp. free squarefree modules. There is a natural duality 

D : C^(fsq-5) C\is(i-S) 

defined by 

D(F') = Hom5(F',S(-l)), 

so in particular D(S'(— b)) = S'(b— 1). We would also like to define Alexander duality 
on the category C^(fsq — S*). However there is a slight problem in that Alexander 
duality as defined above does not take free modules to free modules. 

To remedy this, any bounded complex of squarefree modules X* has a minimal 
resolution F* — )■ X* by free squarefree modules. This defines a functor res : C''(sq— 
S) — )■ C^{is(\ — S). (There is of course also a natural inclusion l : C''(fsq — 5) — 
C^(sq— 5*).) We now define Alexander duality 

A : C\k(i-S) C\k(i-S) 

by letting A be the composition res o A where A is the Alexander duality defined 
above. 

Example 1.2. Continuing the example above, a free resolution of 5'/(a;i, 0:2, X4) is 

^ ^3 ^ ^3 ^ 

(0,0,0,0) (1,0,0,0) (1,0,1,0) (1,0,1,1) 

(0,0,1,0) (1,0,0,1) 
(0,0,0,1) (0,0,1,1) 

where we have written below the multidegrees of the generators. Then the Alexander 
dual A(S'(— (1, 0, 1, 1)) is the above resolution. 

By composing with the resolution we may also consider A and © as functors on 
C"'(sq-^) 

C\s(i-S) ^ C'(fsq-5) ^ C''(fsq-5). 

For a complex X* let A*[— p] be its p'th cohomological translate, i.e. {X*[—p\Y = 
X'i-p. Yanagawa, [I9], shows that (A o D)^ is isomorphic to the n'th iterate [n] of 
the translation functor. 
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1.2. Homological invariants. The complex X' comes with three sets of squarefree 
homological invariants. First there is the homology 

where i G Z and i? C [n]. For a vector space V, denote by V* its dual Homk(V", k). 
We define the cohomology as 

Note that by local duality, if X* is a module M, then this relates to local cohomology 
by 

C-"(M) = i^;(M)r_i 

where r is the 0, 1-vector with support R. Thirdly a minimal free squarefree resolu- 
tion F' of X' has terms which may be written Fi = (BRcin]S ®k -Br and we define 
the Betti spaces to be 

Now a basic and very interesting fact is that the functors A and © interchange 
the homology, cohomology, and Betti spaces. First we consider D. 

Lemma 1.3. The functor B) interchanges the homological invariants of X' as fol- 
lows. 

. B},mX-)) = B^liX'Y ■ 
. H},{B{X')) = C^iiXr ■ 

. c},mx')) = H^iixr- 

Proof. This is clear. □ 

Before describing how the functor A interchanges the homological invariants, we 
recall a basic fact from ^12]. For a square-free module M, one may define a complex 
£(M) (see [H p.9] where it is denoted by J^(M)) by 

|_R|=i 

where (M/j)° is Mr but considered to have multidegree W^. The differential is 

where a{j, R) is the number of i in i? such that i < j. 

For a minimal complex F' of free squarefree ^'-modules define its i 'th linear strand 
-F*^ to have terms 

\R\=i-j 

Since F* is minimal, the i'th linear strand is naturally a complex. The following is 
[ini Thm. 3.8]. 

Proposition 1.4. The i 'th linear strand of Ao 3{X*) is 

C{H\X'))[n-t]. 

This gives the following. 
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Lemma 1.5. The functor A interchanges the homological invariants of X* as follows 
(denoting the cardinality of R by r). 

a. i?i,(A(X-)) = C--'(^-)*- 

b. W^{K{X')) = H],l{X'y ■ 

c. C1j(A(X-)) = 5--'^(X-)*. 

Proof. Part b. is clear. By the proposition above 

C{H\^]){X')))[n-t]=k{X')i^i^. 
The first complex has terms which are direct sums over R of 

{W{p{x')Ry®^s 

where the generating space has internal degree R'^ and is in cohomological position 
r + i — n = i — \R^\. The generating space here is 

Hence this equals 

Si;l^^l(A(X-), 

which is equivalent to part a. 

Part c. follows from a. by replacing X* by A(X*). □ 

Putting these two lemmata together we get the following. 

Corollary 1.6. The composition AoD cyclically rotates the homological invariants 
as follows. 

• 5yAo©(X')) = H'^J{X'). 
. H},iAoBiX-))=CUX-). 

• C|j(AoD(X*)) = 5)+"(X'). 

We may depict the rotation of homological invariants by the diagram 



B 




C. 



Remark 1.7. Composing A and ID) alternately, and applying it to F* we get six 
distinct complexes up to translation, corresponding to all permutations of the triplet 
dataset {B,H,C). In the squarefree setting we thus get a situtation of perfect 
symmetry between the homological invariants. In contrast, in the singly graded 
case we get a "symmetry breakdown" where only H and C may be transferred into 
each other by the functor D, while the Betti spaces have a distinct position. 

Remark 1.8. For a positive multidegree a = (ai, 02, . . . , an), Alexander duality may 
also be defined for the more general class of a-determined modules, see [Hj. (Square- 
free modules are 1-determined.) The composition A o © then has order the least 
common multiple Icmja^ + 2 | i = 1, . . . ,n}, see In that paper all the multi- 
graded homology and Betti spaces of the iterates (AoD)*(S'/J) are computed for an 
a-determined ideal ICS". 
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The following will be of particular interest and motivation in the next Section [21 

Lemma 1.9. The complexes A o 3{F*) and (A o D)^(F*) are both linear if and only 
if F' is a resolution of a Cohen- Macaulay module. 

Proof. The various homology modules of F* are translated to the various linear 
strands of (A o D)(F*). So F* has only one nonzero homology module iff (A o D)(F*) 
is linear. Similarly the cohomology of F* is translated to the Betti spaces of 
(AoD)^(F*) so F* has only one nonzero cohomology module iff (AoD)^(F*) is 
linear. But the fact that F* has only one nonzero homology module M and ©(F*) 
has only one nonzero homology module is equivalent to M being a Cohen- Macaulay 
module. □ 

1.3. The functor A o D on a basic class of modules. For AC [n], the module 
S{~A) is a projective module. Denote by S/A = S/{xi)i^A- (This is an injective 
module in sq—S.) 

More generally for a partition AU B U C of [n], the module {S/A){—B) will be 
a squarefree module. Let us denote it as S/A{—B;C). These form a basic simple 
class of squarefree modules closed with respect to the functors A and D when we 
identify modules with their minimal resolutions. 

Lemma 1.10. Let AU B U C be a partition of [n]. 
1. There is a quasi-isomorphism 



Proof. For A C [n] denote by kA the vector space generated by G A. The 
projective resolution of S/A{—B) is 

P' : S{-B) ^ S{-B) ® {kA) ^ S{-B) ® A^{kA) < ^ S{-B) ® A%kA). 

The dual complex Hom5(P', S{-1)) is B{S/A{-B)). Since the last term S{-B)(g) 
A"'{kA) in P* is generated in degree AU B, the dual complex is 

S{-C) ^ S{-C) ® (kA) ^ S{~C) ® A\kA) < ^ S{-C) ® (kA)", 

a resolution of S/A{—C] B). 

To see the second part of the lemma, it is not difficult to verify that the Alexander 
dual K{S/A{-B- C)) ^ S/B{-A- C). □ 

We then get the following diagram. 




S/A{-C;B)[-a]. 



S/B{-A-C). 



S/C{-B-A)[-a-c] 





S/C{-A-B)[a] 



S/B{-C; A)[a + c] 



A 



S/A{-C-B)[-a] 



S/B{-A- C)[-a-b-c] 





S/A{-B-C) 
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A particular case is the following diagram. 




S{-1 



S[-n] 



2. Triplets of pure complexes 

As stated in the introduction the importance of pure free resolutions of Cohen- 
Macaulay 5'-modules is established with the Boij-Soderberg conjectures, and their 
subsequent demonstration. 

A complex of free S'-modules F* is pure if it has the form 

F* : 5(-rfo)* ^ S{-di)^' < ^ S{-dr)^^ 

for some integers < di < ■ ■ ■ < dr. These integers are the degree sequence of the 
pure complex. 

We shall investigate the condition that all three complexes F*, (A o and 
(AoD)^(F*) are pure when considered as singly graded complexes. By Lemma [T^l the 
special case that F* is a pure resolution of a Cohen- Macaulay module corresponds 
to the case that F' is pure while (A o D)(F') and (A o are both linear 

complexes. 

2.1. Basic properties and examples. We now give an example of a triplet of pure 
complexes, but let us first give a lemma telling how A o may be computed. 



Lemma 2.1. Let 



F' : > F' ^ F 



Then A o is homotopy equivalent to the total complex of 



^{F') ^ A o ©(F 



Proof. Recall Alexander duality A on the categoy of squarefree modules. The com- 
plex A o D(F*) is simply the complex of modules 

^ A o D(F^) -> A o D(F^+^) ^ ■ ■ • . 

Now if 

(1) > M' ^ M*+^ ^ • • • 

is a sequence of modules and F*'* — )■ M* is a free resolution, we may lift the differ- 
entials M* M*+\ to differentials F*'* Then the total complex of 



-> F*'* ^ F 



i+l,' 



will be a resolution of ([T]) and hence it is homotopy equivalent to a minimal free 
resolution of this complex. Whence the result follows since A o ©(F*) is a free 
resolution of A o©(F*). □ 
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Example 2.2. Let S 



[xi,X2,X3]. Consider the complex 



First we find (A o D)(F*). By the figures of Subsection 11.31 A o ©(5*) is isomorphic 
to k, and the resolution is the Koszul complex 

S ^ S{-lf ^ S{-2f ^ S(-3). 

(It is really multigraded but for simplicity we only depict it as singly graded.) Also 
A o D(5'(— ([3]\{z})) is isomorphic to S/{xi) and so has resolution 5* 4^ S'(— 1). 
Therefore A o 3{F') is a minimal version of the total complex of 

S^^ Si-lf 



s 



s{-r 



S{-2) 



Si-3) 



It is easily seen that such minimal version is is 



X1X2 —XiX^ 

X1X3 





-X2XS 



Si-2f ^ 



Xi 

X2 

X3_ 



Si-3). 

Now consider (AoD)2(F'). By LemmadHUl (AoD)2(S') is isomorphic to S'(-3) and 
(AoD)2(5(-{l,2}) is isomorphic to 5'/(a;i, a;2)(-{3})[-2]. Therefore {AoBf{F') 
is a minimal version of the total complex of 

^(-1)3 ^ S{-2f S(-3)3 



^(-3). 

Such a minimal version is then 



Xi 






X2 








X2 X3 








X3 Xi 



X2 





-Xi 





-X3 

X3 



X2 
-X2 



In summary 



F' 



S{-2) 



S ^ S{-2f 

^ S{-2f ^ S{-3) 
S{-lf ^ S{-2f ^ S{-3y. 





-Xi X3 



^(-3)^ 



{Ao3)\F') 

So all complexes are pure, and two of them are not linear. 
Lemma 2.3. Let 

F' : 5(-ao)" ^ S{-aif i 

be a pure complex of squarefree modules with final term S'(— ao)" in cohomological 
position t. // A o D(F*) also is a pure complex, then 

AoD(F'): ••■ ^ S(-n + ao)" 

where the initial term S{—n + ag)" in cohomological position —n + + t. 
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In particular, the initial terms of 3{F*) and its Alexander dual A o 3{F*) are 
both equal to S{—n + ao)°. 

Proof. Considered as a complex of graded modules, A o is the total complex 

of 



S° S{-n + ao)" 

When making a minimal complex of the total complex, S'(— n + oo)" cannot cancel 
out, so it must be the last term. Since 5"^ is in cohomological position t, the last 
term must be in cohomological position —n + ao + t. □ 

In a pure complex 

(2) F' : 5(-ao)"" ^ 5(-ai)"' < ^ 5(-a,)°'- 

an integer d is called a degree of this complex if = for some i. Otherwise it is 
called a nondegree. If the nondegree is in [oq, ctr] it is an internal nondegree. 

Now suppose we have a situation where (AoD)*(F*) are pure complexes for i = 0,1 
and 2. Write the complexes as: 



F' 

AoD(F') 
(AoD)2(F') 



5(-ao)"'^ ^ ^(-ai)"^ < ^ S{-ar, 

S{-cor^ ^ S{-c,y' ^ ■ ■ ■ ^ S{-c 



7r2 

r2j 



We denote by A the set of degrees of F*, and similarly i? and C for the degrees 
of AoD(F') and (AoD)2(F'). The triplet {A,B,C) is the (ie^ree triplet of the 
triplet of pure complexes. Let ca be the number of internal nondegrees of F', 
and correspondingly we define cb and cc- Let e be the total number of internal 
nondegrees for the triplet, ca + + ec- As they turn out to be central invariants, 
we let c = ao, a = bo and b = cq. 

Proposition 2.4. a. The degrees in the last terms of the complexes above are 
ao = —n + b, bi = —n + c, and = —n + a. 
b. The number of variables n = a + b + c + e. 

Proof. Part a. is by Lemma (2.31 above. Also, by the lemma above, if 5'(— ao)"° in 
F' is in cohomological position t, then S{—br-^)'^'"L in Ao3{F') is in position t — br^, 
and so the first term S{—bY° is in position t — bj.^ + ri. But ri + cb = hr^ — bo, and 
so this position is t — a — e^. Applying the lemma again, we get that S{—c)"'° in 
(A o D)^(F*) is in position t — a — b — cb ~ ec- And then again we get that 5'(— a)"° 
in (A o is in position t — a~b — c — e. 

But since (A o is isomorphic to the ra'th iterate of the translation functor, we 
get that n = a + b + c + e. □ 

We can represent the degrees of the complex F' as a string of circles indexed by 
the integers from ao = c to a^g = n — 6 by letting a circle be filled . if it is at a 
position and be a blank circle o otherwise. 
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Example 2.5. A complex 

with n = 9, gives rise to the diagram 



1 2 Q 4 5 6 7 



The dual complex 3{F') = Hom5(F*, 5'(— 1)), which is 

gives a diagram by switching the orientation above and letting the numbering be 



8 vZ v6 .5 4 3 2 



All three complexes may be represented in a triangle, called the degree triangle of 
the three complexes. 

a 



• o 



(AoD)2(F') 



• ■ 

• •o •oo» 



c ■* b 

F' 

Note that the degrees of F* starts with c, then proceed in ascending order and ends 
with n — b. 

Lemma 2.6. In the degree triangle above the following holds. 

a. The length, i.e. the number of circles, of the side corresponding to the set A, 
the degree sequence of F* , zs a + e + 1. Similar relations hold for the other 
sides. 

b. The number of circles in a degree triangle a + 6 + c + 3e. In particular at 
most a third of the circles are blank circles. 

c. The Koszul complexes given in Subsection \l . 3\ give all cases of degree triangles 
where there are no nondegrees, i.e. no blank circles. 

Proof, a. This is because the number of circles is the cardinality of the interval 
[c, n — b] which is this number by Lemma 12.41 b. follows immediately from a. 
Regarding c. here are three numerical parameters for these Koszul complexes, the 
cardinalities of \A\, \B\ and |C|, and these correspond to a,b and c. □ 

Example 2.7. The minimal complexes in Example 12 . 21 give rise to the following degree 
triangle. 
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2.2. A balancing condition. Suppose F', AoD(F') and (Ao©)2(F») is a triplet of 
pure free squarefree complexes. The interior nondegrees of these complexes cannot 
be arbitrarily distributed. There is a certain balancing condition which we now give. 

Let G' be one of the three complexes, so G' and its Alexander dual A{G') are 
pure complexes. In particular they have the same inital term S{—n + g^. We can 
display their degrees as 

A(G-) /. 

ar 

o 

The balancing condition is the following. 

Proposition 2.8. Suppose G* belongs to a triplet of pure free squarefree complexes 
and let S{—n + g)'^ be the initial term of G* and its Alexander dual K{G*). Then for 
each < V < n — g , the number of degrees of G* in the interval [v,n — g] is greater 
than the number of nondegrees of A{G*) in the interval [v,n — g]. 

Proof We may let F' = ©(G"), so F*,AoD(F*), and {AoBf{F') is a triplet of 
pure free squarefree complexes. With this notation 

G' = D(F*) : S{-n + c)" ^ > ^(-6)"' 

so 

A(G") = A o D(F') : S{-n + c)" ^ • ■ ■ 5(-a)"". 

Let 0(f) be the sum of the number of degrees of G* in [v, n — c] and the number of 
degrees of A[G*) in this interval. The statement of the proposition is equivalent to: 
(j){v) is greater than than the cardinality of [v, n — c\. 

Case 1. In the range < f < max{a, 6} the difference 0(f) — |[f,n — c]| is weakly 
decreasing. So in order to prove the statement in this range, it is enough to prove 
that 

(3) 0(0) >|[0,n-c]|=n-c+l = a + & + e + l. 

But 

0(0) = \A\ + \B\ 

= a + e + l — CA + b + e + l — cb 
= a + b + 2 + e + ec, 

so clearly holds. 

Case 2. Suppose now v > max{a, b}. We may as well assume that a > b, so v > a. 
Let c = ao,ai, ... be the degrees of F* = D(G*), with 5'(— a,)"' in cohomological 
degree —i. The cohomology module H~^{F*) is transferred to the — z'th linear strand 
of A(G*). Note that if i > 0, the least nonzero degree of this cohomology module, if 
this module is nonzero, is > + 1. Hence the largest degree occuring in the — i'th 
linear strand of A(G"), if this strand is nonzero, is < n — Oj — 1. 

If f is a degree of A(G"), let —I be the linear strand it belongs to. Since n — c 
belongs to the O'th linear strand, the number of degrees of [ra — c, v] is n — c — v + l — l. 

Now if f — 1 is an interior nondegree of A{G') then 

0(f — 1) — I [f — 1, n — c] I < 0(f) — [[f,^ — c]|. 
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Therefore we might as well prove the statement for v — 1. Since a is a degree of 
A{G*), we may continue this way and in the end come to a situation where f — 1 is 
a degree of A{G*). Let — / be its linear strand in A{G'). When / > 0, by what said 
above, v — l<n — ai — loT equivalently ai < n — v. But this also holds when / = 0. 
Hence the degrees ao,ai, ... ,ai of F' all belong to [c, n — v] and so 

4>{v) >{n-c-v + l-l) + {l + l)>n-c-v + l. 

□ 

Given a natural number n. For an integer d let d = n — d, and for a subset of 
integer D let D = {d\d e D}. 

Definition 2.9. A triplet of nonempty subsets {A, B, C) of Nq is a balanced degree 
triplet of type n if there are integers < a,b,c,< n such that 

1. 

A C [c,b], B C [a,c], C C [b,a] 

and the endpoints of each interval are in the respective subsets A, B or C. 

2. Let ca be the cardinality of [c, 6]\y4 and correspondingly define cb and cc- 
Then n = a + b + c + eA + eB + ^c- 

3. A and B are balanced with respect to the common endpoint c, i.e. for each 
c < f < n, the number of elements of [c, v\ in A is greater than the number 
of elements of [c, f] not in B. Similarly for B and C with respect to a and 
C and A with respect to b. 

Conjecture 2.10. a. For each balanced degree triplet {A,B,C) of type n, there ex- 
ists a triplet of pure free squarefree complexes over the polynomial ring in n variables 
whose degree sequences are given by A, B , and C . 

b. The Betti numbers of this triplet of complexes are uniquely determined by the 
degree triplet, up to common scalar multiple. 

3. Constraints on the Betti numbers 

In this section we give linear equations fulfilled by the Betti numbers in a triplet 
of pure complexes. The number of equations is one less than the number of Betti 
numbers, so we expect a unique set of Betti numbers up to multiplication by a 
common scalar. We prove that this is the case, provided part a. of Conjecture 12.101 
holds. In other words we prove that part a. of the conjecture implies part b. 

3.1. Some elementary relations for binomial coefficients. For nonnegative 
integers p we have the binomial coefficient . When p is a negative integer we set 
this coefficient to be zero. The following identities hold in Q[a;, y] and are repeatedly 
used in the proof of the below lemma. 

1- r:^)=Er=o(/J(!),[13lEx. 4.3.3]. 

2- e) = (-irrr)- 

Let A = (aij) be the {n + 1) x (n + l)-matrix with Uij = (— 1)-' ("7-') for i,j = 
0, . . . ,n. For instance when n = 2 this is the matrix 

'l -1 l" 
2-10. 
1 
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Lemma 3.1. = (1)" ■ I 



Proof. First we show that = {pij) where hij = (— For instance when 
n = 2 this is 

"0 1" 

0- 12 

1- 11 



The i'th row in A is 



n — 1\ fn — 2 



Now 



n- J 
i 



n-j 
n — j — i 



[-ir 



1-3 



-i-l 
n-j - i 



The i'th row of A is then (—1)" ' multiplied with: 



-i-l 
n — i 



-i - 1 



n — 1 — i J \n — 2 — i 



-i - 1 



The j'th column in A is (—1)-' multiplied with the following: 



^~J\ f IT- ~ J\ f IT- ~ J 



From this bij is (—1)" * ^ multiplied with 



n — j\ f—i — 1\ f n — j\ f —i — 1 







n — I 



+ 



n — 1 — i 



. + 



n — j — i — 1 
n — i 



J 

n — i 



Hence 6,, = (-iy (/J. 

To find A^ note that the i'th row in A"^ is 





n — i 



n — I / \n — I 



Note that 



3 



3 



= (-1) 



j+i-n 



— I J \j — n 
Hence row i is (— 1)"~* multiphed with 

— n — 1\ fi — n — 1\ fi — n — 1 
i — n 

The j'th column in A is (—I)-' multiplied with 

''n — j\ f n — j\ fn — 2 




i — n — 1 
j + i — n 



i — n + lj \i — n + 2 



Since 



this column becomes 



n-j 
i 



n-j 



n-j 



n — j J \n — j — 1 J \n — j — 2 



n- 3 
n — j — i 



n-j 
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The first nonzero position in the i'th row is n — z. The last nonzero position in 
the j'th column is n — j. Hence if n — j < n — i, equivalently i < j, the product 
of the i'th row and j'th column is zero. On the other hand if ^ > j the product is 
(—1 multiplied with 



i-j J V-jJ [0 i>j 

Hence we obtain = (—1)" ■ /. □ 

3.2. Linear equations for the Betti numbers. Let F' be the pure free squarefree 
complex 

(4) F' : S(-ao)"« ^ 5(-ai)°^ < ^ 5(-a,)°^ 

Let da- = ■ where /(oj) is the linear strand containing the term S{—ai)°'% 

be the signadjusted Betti numbers. We set = if (i is not a degree of F*. Note 
that these signadjusted Betti numbers are parametrized by the internal degrees. 
Note also that 

Assume also that A o ©(F*) is a pure complex 

5(-6o)* < ^ S{-br'f^'. 

Recall that the i'th homology module of F* is transferred to the i'th linear strand 
of AoD(F*). 

Suppose the i'th homology module of F' is nonzero and let c? be a degree for 
which the d'th graded part of this module is nonzero. This module is squarefree and 
the dimension of its squarefree part in degree d (recall this notion in Subsection ILip 
is 

(5, (-i)-»>-»k(:::) 

This will be equal to {—iy/3n-d- The equations when d varies are then the same 
as 

(6) (3 = A- a. 

If furthermore (A o is pure we get in the same way 

(7) 7 = A-P 

(8) d = A-7, 

where a = (— l)"d due to the shift n of linear strands of the functor (A o B))^. 

If F', A o D(F*) and (A o D)^(F*) are all pure then the clearly the following equa- 
tions hold 

(9) dj = for all nondegrees i of F' in [0,n], 

(10) A = for all nondegrees z of (A o ©)(F*) in [0, n], 

(11) 7j = for all nondegrees ? of (A o ©)^(F') in [0, n]. 

In addition we must have the equations ([6]), (I7j) and (IHl) above (where any two of 
these determine the third by Lemma 13.11) . 
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Lemma 3.2. The equations dj = for z = 0, . . . , c— 1 are equivalent to the equations 
Pn-i = fori = 0,...,c-l. 

Similarly the equations /3j = and 7„_j = for i = 0, . . . , a — 1 are equivalent, 
and 7j = and a-n-i = for i = 0, . . . ,b — 1 are equivalent. 

Proof. This is due to the transition matrix A having the triangular form 

* * * 

* * ■ ■ ■ 

* ■ ■• 

□ 

Corollary 3.3. Given a balanced degree triangle. The 3n + 3 signadjusted Betti 
numbers di, (3i,'-yi, i = 0, . . . ,n fulfil the equations 0, ( fl^) . and ( flil) . 

which may be reduced to 3n + 2 natural equations. 

Remark 3.4. We expect these equations to be linearly independent. Hence there 
would be a unique solution up to scalar multiple. 

Proof. There are c+b+CA equations of the form dj = 0. Similarly there are a+c+e^ 
equations of the form /3j = 0, and a + b + cc equations of the form % = 0. This 
give a total of 2a + 26 + 2c + e equations. However by the above Lemma 13.21 there 
are a + b + a dependencies among them, giving a + b + c + e = n equations. In 
addition the transition equations ([7]) and give 2n + 2 further equations, a total 
of 3n + 2. D 



The complex F' is 

5(-n + 6)"'-o -> > 5(-c)°o. 

Its Alexander dual A{F') equals (up to translation) D o (A o D)^F* which is 

si-n + by^' — > si-ay^-^. 

(Note that 70 = OroO Let f 1 < ■ ■ • < be the internal nondegrees of A{F*). 
The complex 3{F*) is 

s{-n + c)"o -> — y si-by^-o 

and then its Alexander dual A o 3{F*) is 

S{-n + cy^^ > S{-ay°. 

(Note that = «o-) Let Mi < ■ • ■ < be the internal nondegrees of A o D(F*). 

Proposition 3.5. Given a triplet of pure free squarefree complexes. Let ao < ■ ■ ■ < 
Qr be the degrees of the first complex F' and < ■ ■ ■ < ao be the degrees of the dual 
D(F*). By the transition equations and the equations fT^) . and 

are equivalent to the following equations for the (r + 1) nonzero Betti numbers 
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(12) ao h) -a, h) +... + i-iyar M =0, z = 1, • • • , ec 

\ViJ \ViJ \ViJ 

(13) «o -«i + ■ ■ ■ + (-1)'^«. (^^^;) =0, . = 1, . . . , 

(14) «o -a, {^j^ +■■■ + {-lyar. {^'^ =0, j = 0, . . . , a - 1 

r/ie tota/ number of these equations cc + cb + a, equals r. 

Proof. The last part is because 

r + eA = n — b — c, and a + b + c + Ca + Gb + Cc = n. 

By the transition equation the set of equations (fT^ is equivalent to /S^. = 
for each nondegree Ui of A o D(F*) in the interval [a,n — c\. The vanishing of /3j 
for j G [n — c + 1 , n] is by Lemma 13.21 equivalent to aj = for j < c — 1 . The 
vanishing of /3j for j G [0, a — 1] is again by the transition equation ([HD equivalent to 
the equations ( IT^ . 

In the same way the vanishing of for each nondegree j of (A o D)^(F*) in the 
interval [b,n — a] is equivalent to the equations (fT2l) . The vanishing of 7^ for j in 

— a + 1, n] are by Lemma 13.21 equivalent to the vanishing of /3j for j in [0, a — 1] 
which are again equivalent to equations dH]). 

□ 

We also get corresponding equations for the f3i and the 7i. 

Corollary 3.6. Given a balanced degree triplet. If the equations ^M), ( TT^) . and 
( [7^ for the Betti numbers ai of the pure complex F* has a k-dimensional solution 
set, then the corresponing equations for the Betti numbers f3i of the pure complex 
A o 3[F') has a k-dimensional solution set, and similarly for the Betti numbers ji 
o/(AoD)2(F'). 

Proof. By the transition equations (jH]), ©, and ([H]), all these equation systems are 
equivalent to the equations ©, (ITUl) . and (ITTI) . □ 

3.3. Uniqueness of Betti numbers. Given a balanced degree triplet A = {A, B, C). 
The set A is a subset of [c, n — b], containing the end points of this interval. Let 
us suppose that there is an internal nondegree of A, i.e. A is a proper subset of 
[c, n — b]. Let A contain [c, c + 1 — 1] but not c + t. The set _B is a subset of [a, n — c] 
containing the endpoints. Let s > 1 be maximal such that BO [c,n — b] is disjoint 
from the interval [c + l,c + s — 1]. Since the degree triangle is balanced we have 
s<t. Let A' = {A', B', C) where 

A' = AU{c + t}\[c,c+s-l], B' = B\{c}. 

Lemma 3.7. If A is a balanced degree triplet, then A' is a balanced degree triplet. 

Proof. If A has e internal nondegrees, then clearly A' has e — s internal nondegrees. 
(We remove one nondegree from A and s — 1 from C.) Since A' has parameters 
c + s,b and a, the equation a + b + c + e = n continues to hold when passing from A 
to A'. Also viewing A' from each of its three corners it is clearly also balanced, □ 



TRIPLETS OF PURE COMPLEXES 



19 



Proposition 3.8. Let A be a balanced triplet, with an internal nondegree on one of 
its sides, say side A. Then if i) there exists a triplet of pure free squarefree complexes 
for the degree triplet A' , and ii) the equation system for A' has a one- dimensional 
solution, then the equation system for A also has a one- dimensional solution. 

Proof. Let X be the coefficient matrix for the system of equations given in Propo- 
sition EiS] for the Betti numbers aj, of a pure complex associated to A in the degree 
triplet A. Let X' be the corresponding coefficient matrix for the triplet A'. By 
hypothesis the solution set of X' is one-dimensional. The coordinates of a solution 
vector (oq, . . . , a',,) may be taken as the minors of the matrix X'. By hypothesis 
there exists a pure free squarefree complex F", part of a triplet, whose Betti numbers 
are a multiple of this solution vector, and hence all the a- will be nonzero. 

Now note that the columns in X' has columns parametrizes by by the degrees of 
A' in [c -\- s,n — b]. These are exactly the degrees of A which are in [c -\- s,n — b], 
together with the degree c -\-t. Write the coefficient matrix X such that equations 
(fT5I) are the ffist rows and the equations (|T^ the second group of rows, and the (fT^ . 
If we remove the first column in X, indexed by c, then X will have a form 

"T 0" 
Z Y 

where T is a triangular matrix of size (s — 1) x (s — 1). If we remove the column of 
X' indexed by c -|- t, we will simply get the matrix Y. Hence the determinant of Y, 
which is one of the a'^, is nonzero. So the matrix X will have full rank, and hence a 
one- dimensional solution set. □ 

We then get the following. 

Theorem 3.9. Part a. of Conjecture \2.1(A implies part b. of the conjecture: The 
Betti numbers of triplets of pure complexes of free squarefree modules, associated to 
a balanced degree triplet, are uniquely determined up to common scalar multiple. 

Proof. This follows from the previous proposition once we know it is true for the 
induction start. And the induction start is a degree triplet with no nondegrees. But 
in any degree triplet where all nondegrees are on only one edge, the uniqueness of 
Betti numbers follows by the Herzog-Kiihl equations, see pTl Sec. 1.3], since if this 
edge corresponds to a complex F*, then this complex is a resolution of a Cohen- 
Macaulay module. Lemma 11.91 The uniqueness of all Betti numbers up to common 
scalar multiple follows by the transition equations ©5 ([H]). □ 

4. Construction of triplets when the internal nondegrees are on 
only one side of the degree triangle 

In this section we construct triplets of pure squarefree complexes in the case that 
two of the complexes are linear. These correspond to degree triangles where two of 
the sides only consists of degrees (filled circles). 

4.1. Auxiliary results on subspaces of vector spaces. Let Ehe a. vector space 
and El, . . . ,Er subspaces of E. For I a subset of [r] = {1, . . . , r} we let Ej be the 
intersection Hi^iEi. 

Lemma 4.1. Suppose Ei,...,Er are general subspaces of E of codimension one, 
where r < dimt E. Then the E[j.]\{i} o-s i varies through i = 1, . . . ,r, generate E. 
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Proof. By dividing out by E[r] we may as well assume that r = dimk E. Then each 
E[r]\{i} corresponds to a one-dimensional vector space. To construct the Ei we may 
chose general vectors Vi, . . . ,Vr and let E^ be spanned by the (r — l)-subsets of this 
r-set we get by successively omitting the Vi. □ 

Lemma 4.2. Let Ei be a subspace of E of codimension Cj for i = 1, . . . ,r . Suppose 
for each proper subsets J of I that the codimension of Ej is X^jgj ^i- //" codimEj < 
^i^iGi, then the Ei\^ij do not generate E as i varies through I. 

Proof. Let the codimension of Ej be (Yliei^i) ~ ^ where r > 0. By dividing out 
by El we may assume Ej = and so this number is the dimension of E. Then the 
dimension of is Cj — r, and so if |/| > 2 these cannot generate the whole space 

E. □ 

Notation. We shall in the following denote by S^{E) the r'th symmetric power of 
E and by D''{E) the r'th divided power of E. Also let D''{E) = A'^^'^^E ®k D^'iE). 

4.2. Construction of tensor complexes. We start with a degree triplet {A, B, C) 
where B = [a, c] and C = [b, a] are intervals, i.e. contain no nondegrees. We partition 
the complement of A in [0,n] into successive intervals 

[MO + 1, Uo + Wq — I], [Ul + 1, Ui+Wi — 1], . . . , [Ur + l, Ur+Wr — l], [Wr+l + l, Ur+l+Wr+l — l], 

where for the first and last interval we have Uq = —1,Wq = c+1 and u^+i = n — b and 
Wr+i = 6 + 1, and for the middle intervals c < Ui, Ui + Wi < Uj+i, and Ur + Wr < n — b. 

Let Wi be a vector space of dimension Wi, and W = ®[=oM/i. Denote by W the 
tuple (Wo, . . . , Wr+i). Let be a vector space of dimension n and S(y ® W*) the 
symmetric algebra. In the language of [H Sec. 5], (0; Mq, . . . , Wr+i) is a pinching 

— s> 

weight for V, W. 

Berkesch et.al. [1], construct a resolution E'(y;W) of pure free S(y ® W*)- 
modules with degree sequence A such that the term with free generators of degree 
d & A has the form: 

d 

(15) /\ V (g)(®d<„,^"'-'^(H^.)) (g)(®d>„,+.,^"-"'+"''(W^.)) (g) S{V ® W*). 

This complex is a resolution of a Cohen-Macaulay module and is equivariant for the 
group 

GL{V) X GL{Wo) X ■ ■ ■ X GL{Wr+i). 

The construction of this complex follows the method of Lascoux, presented in pTl 

Sec. 5.1]. Let F{W) be the product F{Wo) x ■ ■ ■ x F{Wr+i). There is a tautological 
sequence: 

Dualizing this sequence and tensoring with V we get a sequence (let Q = S*) 
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Constructing the affine bundles over P(iy) of the last two terms in this complex, we 
get a diagram 

Z = Y{V ® Q)c Y{{V ® W*) (g) Cp^^p = Y{V W*) x F{W) 



V(V^ (S) W*) 

where Y is the image of Z by the projection vr. The projection of the structure 
sheaf 7r*(Cz) is the sheaf on the affine space Y associated to the 5'(V"® W^*)-module 

H\F{W), Sym(F® Q)). 

— >■ 

Let p be the projection of Y{V W*) x P(W^)) to the second factor. Let C be the 
line bundle O^^:^^{uo, on F{W). Then M = H°{F{W), Sjm{V^Q) ®p*C) 

is an S{y ® iy*)-module and the complex FiV; W) is a resolution of this module. 
The sheafification of this module on the affine space is in fact Ti^{Oz ®p*C). 

Fact. dimF = dimZ. This is argued for in [1], see for instance the proof of 
Proposition 3.3. First note that 

dimZ = dimP(iy) + n ■ rkQ. 

— )■ 

Since FiV] W) is a resolution of a module supported on F, the length of this reso- 
lution is at least the codimension of Y . Hence 

dimy > ndimij — |A| + 1 

= n dimt W — n + ^^(wj — !)• 

i 

— >■ 

Since rkQ = dimt — 1 and dimP(iy) = J^ii'^i " ^) dimF > dimZ and 

we obviously also have the opposite inequality. 

4.3. Degeneracy loci of bundles. Let £^ be a vector bundle, i.e. a locally free 
sheaf of finite rank e, on a scheme S. Let T be a subspace of the sections if°(S', £"). 
The map T (g)^ Os — £ defines a map and an exact sequence 

T (8)k Sym(^) -> Sym(^) ^ 7^ ^ 

where the cokernel 7^ is a quasi-coherent sheaf of Os-algebras. The space T gives 
global sections of the affine bundle V = Ys{S) and they generate a sheaf of ideals 
of Oy defining a subscheme X = Spec^^T^. 

Now we may stratify S according to the rank of the map T Os — ?• Let f/j 
be the open subset where the rank is > dimtT — i. Then if x G Ui\Ui-i we get an 
exact sequence 

T (g) Sym(£:fc(^)) Sym(£:fc(^.)) 7^fc(x) -> 
where 7lk{x) is the quotient symmetric algebra generated by a vector space of di- 
mension e — t + i. Hence the fiber Xk{x) has dimension e — t + i. We observe that 
the dimension of X is less than or equal to the maximum of 



(16) 



max{dim(S'\f/j_i) + e — t + i}. 
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We adapt this to the situation of Subsection 14.21 so 5* = P(iy). Let ^ be a vector 
space with a basis Xi, . . . , x„ and S = V Q. For each chose a general subspace 
Ei C W* of codimension one. Let T be the space of sections 



Note that the dimension of T equals the rank of V Q. 
Proposition 4.3. The locus where the composition 

¥{W) ¥{W) 

degenerates to rank dinikT — i, has codimension > i. 
Proof. The map a is the direct sum of maps 

The rank of a is then the sum of the ranks of these maps. Let be a subset of 
[n], and Ek = Hi^REi. Since Q is generated by its global sections, and dimt Ek = 
ikQ — \K\ + 1, the locus where the image of Ek ®k ^p^^-j 2 codimension 

(17) >c + ikQ-dimtEK = c+\K\-l 
has codimension greater or equal than 

c(c + rkQ - dimk Ek) = c{c + \K\ - 1) 

(18) >c+|K|-l 

when c > 1. This last condition is by (fT7|l equivalent to the image of aK being of 
codimension > 

Let X' C P(14^) be the locus of points where Ek ®k Q-^^y^-^ 2 degenerates to 
codimension > J2ieKli where each > 1. Since J^iexli = c + \K\ — 1 > \K\ we 
have c > 1 and so by (|T^ we have codimX' > J2ieK 1i- 

Now let X be the locus of points where the image of ai,k(s) has codimension > qi 
for i & K, where each qi > 1. We want to show that X C X'. This will show that 

codim X > X^igx which is what we want to prove. 

— )■ 

Let X G P(Vr) be a point where the image of aj,k(x) has codimension q^. Clearly 
for any / C [n], the image of aj^^^^) is contained in ni^iimat^^^). Suppose there is 
I (1 K such that this intersection in Qk{x) does not have codimension 1i and 
let / be minimal such in K. But the image of is contained in the intersection 

nje/\{j}im Q;j_k(2;) and these do not generate Qk(x) by Lemma IT2l If |/| < dim^ W = 
rkQ + 1 this is not possible since the generate W* by Lemma 14.11 and the 

map W* ® C ^ — > Q is surjective. Hence in this case the image of Ek — ^ Qk(x) 

V(W) ^ ' 

must be of codimension > Yliei^i- That |/| > rkQ + 2 is not possible by minimality 
of / since then njg/\{j}imaj^k(x) cannot have codimension > J2iei\{j}1i — + 1 
(actually for any j). This proves the proposition. 

□ 
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Corollary 4.4. The dimension of X = Specn Tl, the suhscheme of Y ^ (S) 
defined by the vanishing of the sections T , is less than or equal to the dimension of 

Proof. This follows by the above Proposition l4.3l and the expression for the dimension 
given by (|T6l) . □ 



4.4. Construction of pure free squarefree resolutions from tensor com- 
plexes. Recall that basis for V. Consider the map 

n n 

(19) V^W* = ^Xi®W* ^^x,^{W*/Ti) = V. 

i=l 1=1 

It induces a homomorphism of algebras 

S{V^W*) S{V). 

Recall the pure resolution F*{V]W) of Subsection 14.21 whose degree sequence is 
given by the set A. 

Proposition 4.5. The complex 

F- = F-{V-W) ^siv^w*)S{V) 

is a pure free squarefree resolution of a Cohen- Macaulay squarefree S{V) -module. 
Its degree sequence is A. 

— >■ 

Remark 4.6. The essential thing about the tensor complex F{V] W) that makes 
this construction work is that in the generators of its free modules in (fT5l) . the 
only representations of V that occur are the exterior forms A'^V. Chosing a basis 
Xi, . . . ,Xn for V, this is generated by (squarefree) exterior monomials. This is why 
the tensor complexes are "tailor made" for our construction. 

Remark 4.7. In our construction we could equally well have used the GL{F) x 
G'L(G)-equivariant complex of [7^ Sec. 4]. Again in the generators of the free modules, 
the A'^F are the only representations of F that occur. In contrast all kinds of 
irreducible representations of G are involved, and it also only works in char, k = 0, 
which is why we focus on the tensor complexes of [T]. 

From this we obtain ClS db corollary the following. 

Theorem 4.8. For a balanced degree triplet {A, B, C) of type n, where B and C 
are intervals, i.e. the only internal nondegrees are in the interval associated to A, 
there exists a triplet of pure free squarefree modules over the polynomial ring in n 
variables whose degree sequences are given by ^4, B and C . 

Proof of Theorem \4-^ Let the endpoints of A be c and n — h. All nondegrees of this 
triplet are in [c, n — 6], so the number e of such is the cardinality of [c,n — h]\A. Since 
a + 6 + c + e = nwe see that a is determined. Hence B and C are determined by A. 
By Lemma [1.91 (AoD)(F*) and (AoD)^(F*) are both linear and so have degrees 
given by B and C. □ 
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Remark 4.9. In the forthcoming paper \L2l we consider the construction of triplets 
of pure complexes in general. We transfer Conjecture 12.101 to a conjecture on the 
existence of certain complexes of coherent sheaves on projective spaces. In the case 
of the above theorem, these complexes reduce to a single coherent sheaf, the line 

bundle O^^^^{uo, . . . , Ur+i) on the Segre embedding of P(iy) in the projective space 



Proof of Proposition \4.5\ Let Z' be the pullback in the diagram 



■Y{V) X F{W) 



-Y{V^W*) X F{W). 
The dimension of Z is 

dimP(M/) + dimfc V ■ rkQ = dimP(M/) + dimfc T. 
By Corollary 14.41 the dimension of Z' is less than or equal to 

dimF{W) = dimZ - dim^T. 
Let Y' be the pullback in the diagram 

y'c Y{v) 



Y{V®W*). 

Since the image of Z is Y, the image of Z' is Y'. This gives 

dim Y' < dim Z' < dim Z — dim^ T = dim Y — dim^ T. 

The complex F*{V] W) is a resolution of a Cohen-Macaulay module M supported 

w*) S{V) where S{V) = S{V ® W*)/{T) is 



M 



on Y. The module M' 
supported on Y' and so 

dim M' < dim Y' < dim Y 



dimu T = dim M — dimi. T. 



Since M' = M/ (T ■ M), a basis for T must form a regular sequence, and so M' is a 
Cohen-Macaulay module with resolution given by F'. Therefore F* becomes a pure 
resolution of a Cohen-Macaulay where the terms with generators of degree d ^ A 
are 



(20) 



A^(8)( 



yd>Ui+w 



D 



d—Ui+Wi 



The basis xi, . . . ,Xn of V induces a maximal torus D of GL{V), the diagonal 
matrices. The quotient map ( |T9i) is equivariant for the torus action where t = 
(ti, . . . ,tn) G D acts on w = ^ Xj (8> w* as t.w = ® w*. Thus the complex 

above is equivariant for the torus action and so is Z"-graded. The action on the term 
(1201) in the complex is given by the natural actions on A'^V and S{V) and the trivial 
action on the rest of the tensor factors. Hence the multidegrees of the generators of 
the terms above are of squarefree degree, and so the resolution is squarefree. □ 



TRIPLETS OF PURE COMPLEXES 



25 



References 

1. C. Berkesch, D. Erman, M. Kummini, and S.V. Sam, Tensor complexes: Multilinear free 
resolutions constructed from higher tensors, Arxiv preprint arXiv:1101.4604 (2011). 

2. M. Boij and J. Soderberg, Graded Betti numbers of Cohen- Macaulay modules and the multi- 
plicity conjecture, Journal of the London Mathematical Society 78 (2008), no. 1, 78-101. 

3. M. Brun and G. Fl0ystad, The Auslander-Reiten translate on monomial rings. Advances in 
Mathematics 226 (2011), no. 1, 952-991. 

4. W. Bruns and T. Hibi, Stanley- Reisner rings with pure resolutions. Communications in Algebra 
23 (1995), no. 4, 1201-1217. 

5. , Cohen- Macaulay partially ordered sets with pure resolutions, European Journal of 

Combinatorics 19 (1998), no. 7, 779-786. 

6. D. Eisenbud and D. Erman, Categorified duality in Boij- Soderberg theory and invariants of 
free complexes, Arxiv preprint arXiv:1205.0449 (2012), 1-33. 

7. D. Eisenbud, G. Fl0ystad, and J. Weyman, The existence of equivariant pure free resolutions, 
Annales de I'Institut Fourier 61 (2011), no. 3, 905-926. 

8. D. Eisenbud and F.O. Schrcycr, Betti numbers of graded modules and cohomology of vector 
bundles. Journal of the American Mathematical Society 22 (2009), no. 3, 859-888. 

9. , Betti numbers of syzygies and cohomology of coherent sheaves, Proceedings of the 

International Congress of Mathematicians, 2010. 

10. G. Fl0ystad, Enriched homology and cohomology modules of simiplicial complexes, Journal of 
Algebraic Combinatorics 25 (2007), no. 3, 285-307. 

11. , Boij- Soderberg theory: Introduction and survey, Arxiv preprint arXiv:1106.0381 

(2011). 

12. , Zipping an exterior coalgebra and a Tate resolution. In preparation (2012). 

13. J.P.S. Kung, G.C. Rota, and C.H. Yan, Combinatorics: the Rota way, Cambridge University 
Press, 2009. 

14. E. Miller, The Alexander duality functors and local duality with monomial support. Journal of 
Algebra 231 (2000), no. 1, 180-234. 

15. T. Romer, Generalized Alexander duality and applications, Osaka J. Math 38 (2001), no. 2, 
469-485. 

16. S.V. Sam and J. Weyman, Fieri resolutions for classical groups. Journal of Algebra 329 (2011), 
no. 1, 222-259. 

17. J. Weyman, Cohomology of vector bundles and syzygies, Cambridge tracts in mathematics 149, 
Cambridge Univ Pr, 2003. 

18. K. Yanagawa, Alexander duality for Stanley- Reisner rings and squarefree N-graded modules. 
Journal of Algebra 225 (2000), no. 2, 630-645. 

19. , Derived caiegory of squarefree m,od,ules and local cohom,ology with monomial ideal 

support, Journal of the Mathematical Society of Japan 56 (2004), no. 1, 289-308. 

Matematisk Institutt, Johs. Brunsgt. 12, 5008 Bergen 
E-mail address: guiiiiar@mi.uib.no 



